Abstract. In 2000, Bödi and Immervoll considered compact, connected smooth incidence geometries with mutually transversal point rows and mutually transversal line pencils. They made the very natural assumptions that the flag space is a 3l-dimensional closed smooth submanifold of the product of the point space and the line space (both of which are 2l-manifolds) and that both associated projections are submersions. They showed that then the number of joining lines of two distinct points and the number of intersection points of two distinct lines are constant. Here we prove that both constants are equal to one. Thus, smooth projective planes are characterized using only compactness and connectedness plus the purely local (in fact, infinitesimal) conditions stated above.
Introduction
A smooth projective plane is a triple (P, L, F), where P and L are smooth manifolds of positive dimension, called the point space and the line space, respectively, and F ⊆ P × L is a subset, called the flag space, such that the following conditions are satisfied: any two distinct points p, q ∈ P are joined by a unique line L = p q ∈ L (i.e., (p, L), (q, L) ∈ F) and, dually, any two distinct lines K, L ∈ L meet in a unique point p = K L ∈ P (i.e., (p, K), (p, L) ∈ F). Moreover, the operations (join) and (intersection) define smooth maps : P ×P \∆ P → L and : L×L\∆ L → P , respectively. Here, ∆ X denotes the diagonal in X × X.
The classical examples are the projective planes over the real and complex numbers, over the quaternion skew field, and over the nonassociative octonion algebra; compare [22] , 75.4. Projective planes are favoured objects of topological geometry; see [22] . Smooth projective planes were first studied systematically in [20] , [2] . More recently, they were investigated from the point of view of symplectic geometry ( [16] , [17] , [18] ). It is quite difficult to construct explicit examples other than the classical ones (compare [21] , [8] ), but it has been done ( [20] , [11] ). On the other hand, the classification of smooth projective planes with large automorphism groups is possible under weaker assumptions than the corresponding task for topological projective planes (where all smoothness conditions are weakened to 324 STEFAN IMMERVOLL, RAINER LÖWEN, AND IOACHIM PUPEZA mere continuity); cf. [2] , [3] , [4] . The point and line manifolds of smooth projective planes are always diffeomorphic to their classical counterparts; see [17] , [13] .
For a smooth projective plane, it can be shown that P and L are compact, connected manifolds of the same dimension 2l and that F is a closed smooth 3l-submanifold of P × L. The projections
are submersions (i.e., all their differentials are surjective). As a consequence, the line pencils
are l-dimensional submanifolds of L. Moreover, any two distinct pencils are transversal. Dually, the point rows
are l-dimensional submanifolds of P , and any two of them are transversal.
In this paper we show that the properties stated in the previous paragraph suffice to define smooth projective planes. All of these conditions, except compactness and connectednes, are of a purely local nature. It is a stunning fact that the existence and uniqueness of joining lines and of intersection points follow from these conditions.
Following [5] , we therefore define a smooth local plane to be a triple (P, L, F) satisfying local conditions analogous to those stated above for smooth projective planes. To facilitate the wording of the definition, we will use a variation of the usual notion of transversality. We will say that two smooth submanifolds X, Y of a smooth manifold M are sharply transversal if for every point p ∈ X ∩ Y the tangent spaces satisfy the condition T p M = T p X ⊕ T p Y . Note that disjoint submanifolds are sharply transversal.
Formally, we define a smooth local plane to be a triple (P, L, F), where P and L are smooth manifolds of positive dimension and F is a smooth submanifold of P × L such that both projections π P and π L , defined as above, are submersions and not injective. Moreover, we require that any two distinct lines have sharply transveral point rows and, dually, any two distinct points have sharply transversal line pencils. Here, point rows and line pencils are defined as above.
Note that there might be disjoint point rows or line pencils; also, empty line pencils or point rows may occur. Nonempty point rows
L (L)) and line pencils are smooth submanifolds, due to the submersion property of the projections, so that the condition of transversality is meaningful. The fibers of the submersion π L are diffeomorphic to point rows and, dually, the fibers of π P are diffeomorphic to line pencils. It follows that all nonempty point rows have the same dimension l and all nonempty line pencils have the same dimension l . Since π P and π L are not injective, there are line pencils and point rows of cardinality > 1. Distinct lines belonging to the same line pencil have point rows with nonempty intersection, and, dually, there are intersecting line pencils associated with distinct points. Sharp transversality of point rows and line pencils now implies that dim P = 2l and 
here we assume that P L and L p are both nonempty. Conversely, if we assume these dimension conditions, then it suffices for the definition of smooth local planes to require the ordinary transversality condition rather than sharp transversality. Also the assumption on the noninjectivity of the natural submersions π P and π L is then automatically satisfied.
A smooth local plane is said to be compact or connected if both P and L have the property in question and F is closed in P × L. In a compact and connected smooth local plane, all line pencils and point rows are nonempty and compact. This is due to the compactness of F, the connectedness of P and L, and the fact that submersions are open maps. Now we can formulate our main result. Standard examples of smooth local planes such as the real affine plane (R 2 with the ordinary line system; the flag manifold is the graph of the incidence relation) show that noncompact smooth local planes need not be projective planes. An interesting and more complicated example is obtained from the real affine plane by forming the quotient with respect to the group of translations (x, y) → (x + k, y), k ∈ Z. This geometry may be represented as a circular cylinder with its system of geodesics, equipped with its incidence graph F. The covering map (x, y) → (e 2πix , y) shows the equivalence of the two descriptions of this geometry. The closed geodesics of the cylinder correspond to affine lines fixed by the translation group. This implies that the space of geodesics of the cylinder is not a 2-manifold near any closed geodesic; in fact, two arbitrary closed geodesics never possess any disjoint neighborhoods in the space of geodesics. A sequence of helices cutting the closed geodesics at angles α ν → 0 converges to all closed geodesics simultaneously. This fact forces us to delete the closed geodesics from our geometry. The relevant submersion and transversality properties of the real affine plane carry over, and we obtain a connected smooth local plane. In this example, some pairs of lines have infinitely many common points, but there are also disjoint pairs.
Examples of disconnected smooth local planes can be obtained in many ways. One construction is to introduce additional connected components to the manifold of points, such that the new points are not incident with any line. Dually, lines may be added that do not appear in any flag. More interesting examples are obtained by taking the disjoint union of two smooth projective planes. A still more involved type of example is obtained from two smooth projective planes with the same point set P . One lets L be the disjoint union of the two line sets L 1 and L 2 and defines F in the obvious way. Again, there is a dual version of this construction. Applying our main result to the connected components of F and their images with respect to π P and π L , one sees that all compact disconnected smooth local planes can be obtained from projective planes by the repeated application of the constructions described here. At first sight, it seems conceivable to use a further construction principle, contradicting the preceding assertion. One could imagine having two projective planes with the same point and line spaces and disjoint flag manifolds. Then one could take the union of the flag manifolds in order to obtain a compact and connected smooth local plane. However, our main result shows that this is impossible, since we do not assume connectedness of F, and the geometry resulting from such a construction would not be a projective plane. In fact, it follows also from known facts about the embedding of a point row in the point space of a projective plane that two lines of different planes with the same point set cannot have disjoint point rows. More precisely, the complement of a point row is always contractible, but a point row cannot be contracted within the point set; compare [22] , Chap. 5.
Examples of smooth local planes whose flag manifold is not closed in the product P × L are easily obtained from projective planes by deleting some closed subset of F, e.g. by removing a finite set of flags. In these examples, the intersection of two distinct point rows is either empty or a singleton, and the same holds for line pencils.
Our research on the comparison of projective planes and smooth local planes was triggered by the following result in [5] .
Proposition 1.2. For each compact, connected smooth local plane E there are positive integers m and n such that any two distinct points are joined by exactly m lines and any two distinct lines have exactly n points in common.
More precisely, this means that the line pencils of two distinct points intersect in precisely m lines and, dually, the point rows of two distinct lines intersect in exactly n points. The proof of Proposition 1.2 makes essential use of the assumptions of compactness and connectedness, as is to be expected in view of our examples above. The intersections in question are zero-dimensional by transversality and finite by compactness. The crucial part of the proof of Proposition 1.2 consists in showing that the cardinality of the intersection of two point rows is a locally constant function of the given pair of lines. The function is then constant by connectedness.
A similar result on the constancy of incidence numbers was proved by the first author for structures resembling smooth generalized quadrangles; see [9] . By evaluating the incidence numbers for one special instance, he used this in order to prove Thorbergson's conjecture: isoparametric hypersurfaces with four distinct principal curvatures yield generalized quadrangles; see [10] .
Remember that (m, n) = (1, 1) is the value occuring in projective planes. Thus, in order to show that a compact, connected smooth local plane is a projective plane, it suffices to exhibit one pair of points joined by a unique line; indeed, this shows that m = 1, and n = 1 then follows.
Our goal in the present paper is to show that, in order to recognize smooth projective planes, it is not necessary at all to determine incidence numbers. Indeed we show that (m, n) = (1, 1) is the only value that can occur. This surprising fact is the essential point of our Theorem 1.1. Observe that incidence numbers contain global information, whereas we only assume local conditions such as transversality, plus compactness and connectedness. Smoothness of join and intersection is less surprising and was already proved in [5] ; compare Theorems 2.1 and 2.2 below.
In concrete examples, the determination of incidence numbers can be extremely hard; see, e.g., [12] . The verification of smoothness of join and intersection is easy for the classical examples (see [22] , 75.4, where the reference should be to the first proof of 14.4 rather than 14.3), but it can be hard in other cases; compare [11] . However, the main difficulty in the construction of concrete examples of smooth projective planes is not the verification of the smoothnes properties itself (e.g., by means of transversality conditions), but to find appropriate candidates for which the verification of these properties is feasible. In fact, many well-understood examples of compact, connected projective planes do not admit the structure of a smooth projective plane. There are, e.g., no smooth projective translation planes except for the classical ones (see [21] ), whereas it is quite easy to construct examples of nonclassical smooth affine translation planes. All known evidence indicates that smoothness is a rare property in compact projective planes.
The present work grew out of the third author's Diploma thesis [19] , in which the two-dimensional case was investigated.
General results
We remark that the notions of a smooth projective plane and a smooth local plane are both of a self-dual nature. This means that the structure obtained by interchanging P and L satisfies the same axioms. Hence, every general result about these structures remains true if we swap the roles of points and lines.
Throughout this section, E = (P, L, F) denotes a smooth local plane. The following is one of the main results of [5] , and it will play a crucial role in our proof. Essentially by combining these two results, we obtain the following proposition, which in the case m, n ≥ 2 allows us to introduce a kind of local coordinate system for the point set. We shall need to restrict the domain of an intersection map V as in Theorem 2.1 to a suitable product of pencils or, more precisely, to a set of type
Theorem 2.1. Let E = (P, L, F) be a smooth local plane and consider a pair of
In this case V retains its smoothness property, since L p is a smoothly embedded submanifold of L. The same remark holds for the restriction of the domain of the join map to {p} × V 2 with p ∈ V 1 . 
Proposition 2.3. Let p
Our next aim is to identify the topological nature of line pencils and point rows. This will be achieved by comparison with a suitable Graßmann manifold. As usual, the set of all l-dimensional subspaces of a real vector space V of finite dimension d is denoted by G l V . This set becomes a manifold of dimension l(d − l), known as a Graßmann manifold, if it is endowed with a suitable topology; see [1] , VI, §3.5 or [22] , 64.3. A sequence U ν of subspaces converges to a subspace U with respect to this topology if, and only if, the following condition is satisfied: for every convergent sequence of vectors u ν ∈ U ν , the limit u belongs to U . To verify this, choose an orthonormal basis of U ν for each ν and use the compactness of the space of orthonormal systems e 1 , . . . , e l ∈ V .
Lemma 2.4. Let p ∈ P be a point with
Proof. Injectivity is immediate from the condition that the point rows of two distinct lines are transversal. In order to prove the continuity of T p , we will give a description of T p P L which makes this more or less obvious.
For
According to the remarks preceding the statement of this lemma, we have to show that for every convergent sequence u ν → u in T p P with u ν ∈ T p P L ν , the limit u belongs to T p P L .
For each ν, consider the unique vector
With respect to the product structure given by 
Proposition 2.5. Let E = (P, L, F) be a compact, connected smooth local plane. Then every line pencil L p , p ∈ P , and every point row P L , L ∈ L, is homeomorphic to the l-dimensional sphere S l .
Proof. It suffices to prove one of these dual statements; we choose the first one. First recall that L p is compact and nonempty, since we are dealing with a compact connected smooth local plane. According to Lemma 2.4, it suffices therefore to show that the set T p of all tangent spaces T p P L , L ∈ L p , is homeomorphic to S l . Now these tangent spaces are mutually complementary l-dimensional vector subspaces of the 2l-dimensional space T p P . This means that T p is a so-called partial spread. Furthermore, T p ≈ L p is a compact l-manifold. It is known that a partial spread which is a compact l-manifold is a spread; i.e., it covers the whole space (see [14] , 1.7), and then it is homeomorphic to the l-sphere (see [22] , 64.8).
Two-dimensional planes
This section contains the proof of Theorem 1.1 in the case l = 1. Since the conditions n = 1 and m = 1 are equivalent, a hypothetical counterexample (P, L, F) to Theorem 1.1 satisfies both n ≥ 2 and m ≥ 2. We will investigate this counterexample until a contradiction becomes apparent.
1. Choose a flag (p, K) and a sequence of points p ν ∈ P K distinct from p and converging to p. For each ν, choose a line K ν distinct from K and containing the points p and p ν . We claim that K ν → K. Assume that this is not the case. As the compact pencil L p contains the sequence (K ν ), we could then pass to a subsequence for which (K ν ) converges to a line K = K in L p . But this would contradict Theorem 2.1: by construction of the sequence, every neighborhood of p contains two intersection points of K ν and K for large ν, whereas Theorem 2.1 asserts that there is only one.
2. Choose a line L ∈ L p distinct from K; then K and L intersect in a second point q = p, as shown in Figure 1 . According to Proposition 2.3, there are neighborhoods U, V ⊆ L q of L and K, respectively, and a neighborhood W of p in P such that W is a diffeomorphism U × V → W . We may assume that both U and V are diffeomorphic to the interval [−1, 1]; hence we have constructed a differentiable coordinate system ϕ :
2 . Write ϕ(w) = (x, y) and note that the horizontal and vertical fibers defined by y = y 0 and x = x 0 for x 0 , y 0 ∈ [−1, 1] are linear sets, i.e., each fiber is contained in the point row of a line. Moreover, the point row P K contains one of the horizontal fibers, say the fiber y = 0.
3. We investigate the intersection of P K ν with the boundary of W . The fact that F is closed in P × L implies that the fibers y = ±1 are disjoint from the point rows P K ν for large ν; indeed, every accumulation point of any sequence w ν ∈ P K ν must belong to P K . For the same reason, any sequence of intersection points of P K ν with a fiber x = ±1 converges to the point ϕ −1 (±1, 0) on P K . By an argument similar to step 1 of this proof, it follows that for large ν, there is at most one intersection point of P K ν with each of these vertical fibers.
4. The point q considered in step 2 is contained in P K ; hence K ν → K implies that there is a sequence q ν → q such that q ν ∈ P K ν . One may apply Proposition 2. Figure 1 closed intervals I ν and J ν . One of them contains the point q ν and, hence, intersects both of the vertical fibers x = ±1. We may assume that this is the interval J ν . It follows from step 3 that the other interval I ν is contained in the interior of W .
5. We are now ready to diagnose a contradiction. An interval I ν ⊆ P K ν contained in the interior of W has end points satisfying y = 0 and contains a point ϕ −1 (x 0 , y 0 ) with maximal absolute value |y 0 |. Then y 0 = 0 holds because K and K ν intersect in only finitely many points. We see that the point row of K ν touches the point row containing the fiber y = y 0 without crossing it, contradicting the fact that point rows are transversal. This ends the proof of Theorem 1.1 in the case l = 1.
Higher-dimensional planes
In this section, we show that the parameter m of a compact connected smooth local plane with l > 1 cannot take values other than m = 1. By duality, or simply because m = 1 implies n = 1, this will complete the proof of Theorem 1.1.
1. Choose a point p ∈ P . We consider the subset
L is a submersion, we conclude that F p is a smooth 2l-dimensional submanifold of the 3l-manifold F. By construction, the restriction π L : F p → L p is still a submersion. Since F p is compact, a theorem of Ehresmann implies that this restricted map is a locally trivial fibration; see [6] , 8.12. According to Proposition 2.5, both the base and the fibers of this fibration are homeomorphic to the sphere
Removing the image of this section from the total space F p , we obtain the open subset
It is easy to see that the restriction π L : F p → L p is again a locally trivial fibration, with fibers homeomorphic to R l . Now the exact homotopy sequence of the fibration obtained by restriction,
shows that π L induces isomorphisms between the homotopy groups of F p and of S l in all dimensions. By a theorem of Whitehead (see [23] , Theorem 7.5.9) the map π L induces isomorphisms of homology groups in all dimensions as well. So we have reached the conclusion that
holds for all k. Moreover, F p is (connected and) simply connected, because we are assuming that l > 1.
2. Now we consider the map
Every point q = p is joined to p by exactly m lines, and at each of these lines we can use Theorem 2.2 in order to construct a local inverse map. This implies that the map π P , restricted as above, is an m-fold covering map. (Being a proper submersion, this map also satisfies the hypotheses of Ehresmann's theorem quoted above, which yields an alternative argument for the covering property.) Since F p is simply connected by step 1, it follows that this is a universal covering and the fundamental group π 1 (P \ {p}) has order m. The entire space P may be described as the union of a 2l-dimensional ball with P \{p}, and the intersection of these two sets is a punctured 2l-ball, hence homotopy equivalent to S 2l−1 . Again since we assume that l > 1, the punctured ball is simply connected, and we conclude that π 1 P is isomorphic to π 1 (P \{p}) by van Kampen's theorem (see, e.g., [15] , Chap. IV).
Therefore, there is an m-sheeted universal covering ρ :P → P . Deleting the m inverse images of p fromP , we obtain an m-fold covering ρ :P → P \ {p} by restriction. The number of sheets equals the order of the fundamental group of P \{p}; thus we have constructed another universal covering space for P \{p}. (That P is simply connected follows also from π 1P = 1 by the van Kampen argument used before.) Thus, F p andP are homeomorphic, and we may obtainP from F p , up to homeomorphism, by adding m points. 3. The top homology H 2lP of the simply connected (hence orientable) compact 2l-manifoldP is isomorphic to Z; see [7] , 22.28. On the other hand, we may describẽ P as the union of 
